In the field of quantum simulation of condensed matter phenomena by artificially engineering the Hamiltonian of an atomic, molecular or optical system, the concept of 'synthetic dimensions' has recently emerged as a powerful way to emulate phenomena such as topological phases of matter, which are now of great interest across many areas of physics. The main idea of a synthetic dimension is to couple together suitable degrees of freedom, such as a set of internal atomic states, in order to mimic the motion of a particle along an extra spatial dimension. This approach provides a way to engineer lattice Hamiltonians and enables the realisation of higher-dimensional topological models in platforms with lower dimensionality. We give an overview of the recent progress in studying topological matter in synthetic dimensions. After reviewing proposals and realizations in various setups, we discuss future prospects in many-body physics, applications, and topological effects in three or more spatial dimensions.
In the field of quantum simulation of condensed matter phenomena by artificially engineering the Hamiltonian of an atomic, molecular or optical system, the concept of 'synthetic dimensions' has recently emerged as a powerful way to emulate phenomena such as topological phases of matter, which are now of great interest across many areas of physics. The main idea of a synthetic dimension is to couple together suitable degrees of freedom, such as a set of internal atomic states, in order to mimic the motion of a particle along an extra spatial dimension. This approach provides a way to engineer lattice Hamiltonians and enables the realisation of higher-dimensional topological models in platforms with lower dimensionality. We give an overview of the recent progress in studying topological matter in synthetic dimensions. After reviewing proposals and realizations in various setups, we discuss future prospects in many-body physics, applications, and topological effects in three or more spatial dimensions.
I. INTRODUCTION
Topological quantum matter is a rapidly-growing field, in which topological concepts are exploited to discover and classify new phases of matter 1-3 . Unusually, these states fall outside of the conventional Landau paradigm in which phases of matter are characterised by local order parameters. Instead, topological quantum states are associated with global invariants that are constrained to take integer values and so cannot be continuously changed under small perturbations of the system. This property underlies fascinating phenomena in topological matter, such as the existence of robust one-way edge modes with potential applications in future devices.
Although topological quantum states were first discovered in solid-state materials 4 , in the last decade they have been engineered across a wide-range of systems, including photonics [5] [6] [7] [8] and ultracold atomic gases [9] [10] [11] . These systems provide opportunities to go beyond what is possible in real materials, taking advantage of the high controllability and flexibility of these platforms. In this direction, the development of 'synthetic dimensions' provides a powerful approach for pushing forward the exploration of topological physics with atoms and photons.
The central idea of 'synthetic dimensions' is to exploit and harness some of the internal degrees of freedom of atoms or photons, so as to simulate motion along extra spatial directions 12, 13 . In effect, this enables a lowerdimensional system to effectively simulate the behaviour of a higher-dimensional system. For example, a system in D real spatial dimensions can mimic a system with (D + d) effective spatial dimensions, if d synthetic dimensions are added. This raises the intriguing possibility of probing systems with effectively more than three spatial dimensions in the laboratory.
In this Perspective, our aim is to present the exciting recent progress on topological quantum matter in synthetic dimensions. We begin by briefly discussing spatial dimensionality and the simulation of topological matter; this discussion is followed by an introduction of synthetic dimensions in ultracold gases and then in photonics. As an outlook, we review perspectives for future research, including prospects for exploring exotic manybody physics, applications and higher spatial dimensions.
II. SPATIAL DIMENSIONALITY
At a basic level, the number of spatial dimensions corresponds to the number of independent directions along which an object can move. From this point of view, the spatial dimensionality of a system can be engineered by adding or taking away such independent directions. On the one hand, using a higher-dimensional system to explore lower spatial dimensions is very common within physics; for example, optical potentials are routinely applied to cold atom set-ups to effectively restrict atomic motion to only one or two spatial dimensions so as to study 1D and 2D physical phenomena 14 .
On the other hand, using a lower-dimensional system to explore higher-dimensional physics can be harder to visualise, as the extra dimensions are not 'real' spatial dimensions but arise through a re-interpretation of the underlying physics. In this direction, several different conceptual approaches have been developed over recent decades. Perhaps the simplest, theoretically, is to directly embed a higher-dimensional lattice within a lowerdimensional space, for example, by arranging all sites of a 2D lattice along a 1D line and then adding the appropriate connectivity between sites as proposed with qubits 15 and photonic lattices 16 . However, this method is experimentally challenging as it requires precise engineering of both near-and long-range hoppings, and so it has not yet been used to explore topological systems. A second approach, which has been implemented experimentally, harnesses a mathematical mapping between certain higher-dimensional static lattices and lower-dimensional time-dependent systems, called 'topological pumps' [17] [18] [19] [20] [21] [22] [23] [24] . Although the full dynamics is not captured by the mapping, as it replaces some dynamical variables with external parameters, certain important signatures of the higher-dimensional topology can manifest in topological pumps, as shown in recent photonic [18] [19] [20] [21] [22] and cold atomic 23, 24 experiments.
Synthetic dimensions provide another way for a lower-dimensional set-up to explore higher-dimensional systems, which is experimentally fruitful and captures the full higher-dimensional dynamics. The main concept behind this approach is to identify a set of initially uncoupled degrees of freedom for a particle, and to reinterpret these as lattice sites along a spatial dimension 12 , as shown schematically in Fig. 1(a) . Adding suitable external couplings within this set of degrees of freedom allows a particle to 'hop' along this extra dimension, just as it would hop between sites in a lattice. The research in the area of synthetic dimensions has taken off and has opened the way for the simulation of topological states of matter 13 .
III. TOPOLOGICAL MATTER
Depending on the spatial dimensionality, there is a wealth of different possible topological phases of matter, including topological insulators, topological superconductors and the quantum Hall phases 1-3 . The latter were in fact the first topological states to be discovered, when 2D electronic systems were subjected to strong magnetic fields in the early 1980s (Ref. 4). In these systems, the electronic energy bands are labelled by non-zero topological integers called Chern numbers 25 , leading to a precise quantisation of the Hall conductance.
Over the past decade, there has been great interest in realising topological states of matter -such as quantum Hall phases -outside of traditional condensed matter materials. However, in platforms such as cold atomic gases and photonics, the particles are neutral, and so do not respond like electrons to gauge fields. This has lead to the development of artificial gauge fields, whereby these systems are made to mimic electronic materials [6] [7] [8] [9] [10] [11] . For particles hopping in a deep lattice, this requires experimental techniques that reproduce the tight-binding Peierls substitution, which is to capture the effects of a magnetic vector potential, A(r), on a charged particle as:
whereâ † r (â r ) creates (destroys) a particle at a lattice site at position r, with J r being the tunnelling amplitudes and ∆r being the lattice vector connecting the sites. Extending this to a 2D square lattice in a uniform magnetic field, the Peierls substitution leads to the famous Harper-Hofstadter Hamiltonian 26, 27 :
which is a seminal quantum Hall model, here written in the Landau gauge, with φ(x) = 2παx and α being the number of magnetic flux quanta per unit cell.
As can be seen, the required phase, φ, has a simple spatial dependence that corresponds, around a closed loop in the lattice, to the Aharanov-Bohm phase of a charged particle. To date, various techniques have been developed to realise this physics for neutral particles [6] [7] [8] [9] [10] [11] , but a key advantage of synthetic dimensions is that such phases can be engineered very naturally in the external couplings along the extra dimension. Importantly for experiments, many properties of such topological models are also robust in many cases 13 against issues such as inhomogeneous hopping amplitudes, J x,y , and narrowing of the system widths as shown in (Fig. 1 ) which can be limitations of certain synthetic dimension realisations, as discussed below.
IV. SYNTHETIC DIMENSIONS IN ATOMIC GASES
Historically, some early works similar to what we now call synthetic dimensions included the exploration of dimensional deconstruction in high-energy physics 28 , where the gauge groups present in a theory were viewed as a synthetic dimension at low energy. Other works developed 'kicked rotor' models 29, 30 , where incommensurate frequencies were introduced to mimic extra dimensions, with experimental implementations in cold atoms 29, [31] [32] [33] . The more recent interest in synthetic dimensions began in 2014, thanks to a proposal 13 for engineering a topological system using a synthetic dimension of atomic states 12 . This proposal was rapidly followed by two independent experimental implementations 34, 35 , sparking off many different research directions in atomic gases, ranging from further developments of atomic-state schemes 36, 37 , to experiments with momentum states [38] [39] [40] [41] [42] [43] and other studies harnessing harmonic oscillator 44 , molecular 45 and Floquet 46-49 modes. We briefly compare these schemes at the non-interacting single-particle level, highlighting the most important characteristics in Table 1 .
A. Atomic states
In this original scheme of synthetic dimensions in atomic gases, a discrete set of internal atomic states is reinterpreted as a set of distinct lattices sites along an extra dimension 12, 13 . These states are then coherently coupled by suitable external laser fields to simulate the 'hopping' Hyperfine states Raman lasers 1 (only few sites) Atoms 36, 37 Electronic states Clock lasers 1 (only two sites) Atoms 45 Angular momentum of molecules Microwaves 1 -2 Atoms 38, 39 Momentum states Bragg transitions No upper limit Atoms/Photons 44,50 Spatial eigenmodes Shaking 1 -3 Photons [51] [52] [53] Orbital angular momentum Spatial light modulator 1 Photons 54, 55 Frequency modes Temporal modulation No upper limit Photons 56 Angular coordinate of resonator Dispersion of resonator 1 (continuous dimension) Photons [57] [58] [59] [60] Arrival time of pulses Coupled optical paths of different lengths 1 -2 Generic [46] [47] [48] Floquet states Temporal modulation No upper limit along the synthetic dimension. Importantly, these couplings can naturally be used to engineer topological models, as they include a spatially-dependent and tunable phase-factor ∝ exp(iq · r), which can mimic the Peierls phase-factor described before, and which physically reflects the net momentum transfer q from the lasers to the atoms in the transitions. It must be noted that the hopping amplitudes are inhomogeneous along the synthetic dimension, as coupling-matrix elements vary for different atomic transitions; however, this anisotropy is not expected to destroy features like topological edge modes in realistic systems 13 . Experimentally, the first implementation of this scheme presented a synthetic dimension with three atomic hyperfine states, coupled via Raman lasers 34, 35 . By adding the synthetic dimension to a 1D optical lattice, these set-ups effectively simulated a three-leg Hofstadterlike ladder, with a magnetic flux per unit cell set by the momentum transfer along the optical lattice direction, controlled via the angle between the Raman lasers beams and the lattice (Fig. 2 (a)&(b)). The experiments took advantage of the sharp 'edges' (boundaries) in the synthetic dimension and of powerful state-selective mea-surement techniques to observe chiral edge motion for the first time in ultracold atoms. Since these initial developments, synthetic dimensions have also been proposed and realised with pairs of long-lived electronic states 36, 37, 61 coupled via optical clock transitions, demonstrating the wide applicability of this approach.
The restriction of recent experiments to short synthetic dimensions of two 36, 37 , three 34, 35 or, recently, five 62 sites reflects on-going experimental challenges in simultaneously coupling together many atomic states. Nevertheless, new research has shown that it is possible to extract a signature of the topological Chern number even in a narrow strip 62, 63 , and to experimentally implement periodic boundary conditions in the synthetic dimension 64, 65 , reducing some finite-size effects. In the future, it may also be possible to expand the number of states up to the order of ten 13 by targeting atomic species with many suitable internal states, such as 40 K. Finally, using atomic states as a synthetic dimension may allow the realisation of new lattice topologies 66 , such as cylinders or Möbius strips, or of complicated lattice geometries, such as semi-synthetic zig-zag 67,68 , triangular or hexagonal lattices 69 . 13, 34, 35 in which Raman lasers provide external couplings between a set of different Zeeman states, which lie within a given hyperfine manifold and are distinguished by a quantum number, m. The 'hopping' in the synthetic dimension corresponds to a two-photon process, as indicated by arrows in (b), leading to a transition-dependent amplitude, Jm from state m to m + 1, and a common complex phase, φ(x), set by the net momentum transfer from the lasers to the atoms. The latter can be designed to realise an artificial magnetic field (for example as in Eq. 2) that is controlled via the angle θ shown in (a), between the Raman beams and the lattice beams confining the atoms to move along x. (c)&(d) Schematic illustration of a momentum-state scheme 38, 39 in which two counterpropagating lasers induce transitions between a set of discrete momentum states. One of the beams in (c) contains multiple frequency tones, so as to resonantly address each required two-photon transition, as shown in (d); this individual control means that all amplitudes, Jp n , and phases, φp n , along the synthetic dimension are fully tuneable. The scheme depicted here realises an effectively one-dimensional lattice; going further, additional lasers can implement a second synthetic dimension and, hence, engineer an artificial magnetic field 41 .
B. Momentum states
In physics, there is a powerful duality between position and momentum, such that a physical system can be equivalently described in either position space or momentum space. If the roles of position and momentum are reversed, this can lead to momentum-space topological physics, ranging from momentum-space lattices 70, 71 , to momentum-space Landau levels 72, 73 , and momentumspace integer 74 and fractional 75 quantum Hall effects. In the context of synthetic dimensions, the positionmomentum duality is reflected in a re-interpretation of a discrete set of free-particle momentum states as the set of lattice sites 38, 39, 43 .
Experimentally, a set of momentum states can be selected by illuminating the atomic gas with two counterpropagating laser fields, far-detuned from any atomic transitions (Fig. 2(c)&(d) ). Unlike the scheme using atomic states ( Fig. 2 (a)&(b)), the atoms therefore remain in the same atomic state, but scatter light by absorbing a photon from one beam and emitting into the other. For laser fields of wave-vector k, momentum conservation means that such two-photon Bragg transitions changes the atomic momentum by 2 k. Starting with an atomic Bose-Einstein condensate at rest, this selection rule defines an infinite set of momenta, p n = 2n k, where n is an integer that can label sites along the synthetic dimension. Moreover, for free-particle states, the energy difference, E n+1 −E n ∝ p 2 n+1 −p 2 n , varies between different pairs of states, such that each transition can be addressed separately by adding a suitable frequency to one of the laser fields. This leads to a key advantage of this scheme; as each transition is controlled separately, there can be arbitrary local and time-dependent control of all resulting parameters, including each effective 'hopping' amplitude and phase 38, 39, 76 . Experimentally, this has been used to explore interesting 1D topological phases -such as the Su-Schrieffer-Heeger model 40 and the topological Anderson insulator 77 -with time-of-flight measurements giving full access to the momentum distribution and, hence, to a 'single-site' resolution in the synthetic space.
A second synthetic dimension has also been realised experimentally by adding a second pair of co-propagating beams 41 to couple states with: p n,m = 2 (nk 1 + mk 2 ), where k 1 and k 2 are the wave-vectors of the beam-pairs, and (n, m) are then the effective site indices. The individual control of each 'hopping' phase can be used to write-in a magnetic field for the 2D lattice; in practice, it is experimentally challenging to have many sites in both dimensions 38, 41 , but the proof-of-principle was demonstrated with a Harper-Hofstadter model of 5 × 2 sites 41 . Recently, another scheme 78 has also measured chiral edge currents with room-temperature atoms in a momentum-space zig-zag ladder of timed Dicke states called a superradiance lattice [79] [80] [81] , bringing momentumspace synthetic dimensions to a new experimental platform.
C. Other methods
As the above schemes have already been implemented, there have also been several theoretical proposals for other methods to engineer topological models with synthetic dimensions in atomic gases.
Firstly, a synthetic dimension could be realised by shaking a harmonic trap 44 . In this approach, the standard 1D harmonic oscillator states serve as lattice sites in the synthetic dimension, with a weakly anisotropic 'hopping' induced by the time-dependent modulation. This could provide a very long synthetic dimension, limited only by the anharmonicity of the trap. When the system is extended along a real spatial dimension, it could, for example, realise a Hofstadter-like model, with a magnetic flux set by a spatially-varying modulation phase 44 . This method can be used to directly measure the quantum Hall current in a one dimensional atomic wire coupled to reservoirs 82 .
Secondly, a synthetic dimension could be implemented by coupling the rotational states of ultracold polar molecules with microwaves 45, 83 .This could again lead to a very long synthetic dimension, taking advantage of the rich spectrum of rotational states. Like the momentumstate scheme above, each transition would be driven separately, allowing for full control of 'hopping' parameters and for the simulation of topological models. Another related approach could be to harness Rydberg states, as a large set of these can be experimentally coupled together with radio-frequency fields 84 .
Finally, a recent proposal for so-called 'Floquet synthetic dimensions' 46 applies generally to systems under strong external drives. Floquet theory is used to model the effects of time-periodic modulations, showing that a quantum state is dressed by all harmonics of the driving frequency. In this proposal, the different harmonics are re-interpreted as different sites along a 'spatial' dimension, where the 'hopping' corresponds to absorbing or emitting a photon. When additional incommensurate driving frequencies are added, this picture leads to a multi-dimensional synthetic 'Floquet lattice', which can be designed with topological properties [46] [47] [48] [49] .
V. SYNTHETIC DIMENSIONS IN PHOTONICS
The other main platform in which synthetic dimensions have been actively studied is photonics 85 . In this field, the simulation of condensed matter phenomena is a rapidly-growing research direction 86 , with synthetic dimensions providing new routes towards realising topological lattice models and related possible applications. We briefly introduce various proposals and realisations for synthetic dimensions in photonics, again highlighting selected characteristics in Table 1 .
A. Orbital angular momentum modes
The first photonics proposal for a topological model with a synthetic dimension was based on the orbital angular momentum states of light in a cavity 51 . In this proposal, a set of cavity modes with different orbital angular momenta, but the same resonant frequency, are coupled together via spatial light modulators. By viewing the orbital angular momentum modes as a synthetic dimension, this approach was proposed for the realisation of the Harper-Hofstadter model (Eq. 2) in a one-dimensional cavity array 51 . Subsequently, this idea was pushed forward introducing sharp edges along this synthetic dimension 87 , which is advantageous for investigating topological edge-state physics. Orbital angular momentum states have also been used experimentally as a synthetic dimension in a quantum walk to realize onedimensional 52 and two-dimensional 53 topological models.
B. Frequency modes
Another approach to realising a synthetic dimension in photonics is to use the frequency modes 88 of light in a multi-mode cavity. Ring resonators, for example, can support multiple whispering-gallery modes, corresponding to resonances of light circulating around the cavity via total internal reflection. From the resonance condition for standing waves in a ring, it can be shown that the resulting modes are (approximately) equally-spaced in frequency. Such modes could then be coupled together into a synthetic dimension, by applying an appropriate time-dependent modulation of the cavity refractive index at a frequency equal to that of the mode frequency spacing. This allows photons to be transferred between different modes 54, 55 . Suitable Peierls 'hopping' phases may be introduced in the synthetic direction by varying the modulation phase between different resonators. This proposal has also been extended to topological models of arbitrary dimension 89 , by including appropriate extra modulation frequencies that add longer-range 'hoppings' in the synthetic dimension which can be viewed as embedding a higher-dimensional lattice in one (synthetic) dimension 15, 16, 88 .
Experimentally, a synthetic dimension of frequency modes has been recently realized for another system, consisting of light propagating in a nonlinear medium 90 . In this experiment, a weak signal beam propagates through a medium in the presence of at least two strong pump beams whose frequencies are shifted by an amount Ω. Due to the pump beams, the signal frequency can change by ±Ω, mimicking time evolution in a one-dimensional non-topological tight-binding lattice of frequencies spaced by Ω. If pump beams contain light whose frequency is shifted by 2Ω from the other beams, the signal undergoes next-and next-next-nearest neighbor 'hoppings', realizing models with long-range hoppings.
C. Spatial eigenmodes
A topological model with a synthetic dimension has recently been experimentally realised by using different spatial modes of a waveguide array 50 . In such platforms, the paraxial propagation of light along a waveguide is described by a conservative evolution equation, which is analogous to the Schrödinger equation, where the roles of time, t, and the propagation direction, z, swapped around 8, 91 . To construct a synthetic dimension in such a system 50 , a one-dimensional array of N waveguides was designed such that along x, the direction perpendicular to propagation, the array supported N different spatial modes (Fig. 3(a) ). These modes were calibrated to be equally spaced with respect to the propagation constant, which here plays the role of frequency. These equispaced levels were then coupled by spatially oscillating the waveguides along the propagation direction, z. In the analogy with the Schrödinger equation, this corresponds to shaking the system in time, similar to how atomic harmonic trap states may be coupled by shaking the trap 44 . Experimentally, multiple copies of these one-dimensional arrays were combined with different modulation phases to realise a Harper-Hofstadter model (Eq. 2) with N = 7 sites along the synthetic dimension. This comparatively large system size allowed to observe of edge-state propagation in a synthetic dimension: a hallmark of topological lattice models.
D. Pulse arrival time
Another class of synthetic dimensions uses time as a degree of freedom by employing time-multiplexing schemes 57, 58 . To illustrate this concept, let us consider a system of two long optical fiber loops, which have a small length difference and which are coupled by a beamsplitter ( Fig. 3(b) ). A light pulse injected into one loop will be split by the coupler into two pulses: one circulating around the longer loop (A) and the other in the shorter loop (B). The pulses arrive back at the beamsplitter after a time-delay T A and T B respectively, before being again split by the beamsplitter, and so on. Monitoring the system at the beamsplitter, we observe a train of light pulses in time.
Interestingly, the arrival time of each pulse can be re-interpreted to give a 'position' index along a synthetic dimension; to see this, we introduce two time-scales: the average time-delay,T = (T A + T B )/2, and the time-delay difference ∆T = T A − T B . At early times, if there is a clear separation of these time-scales (T ∆T ), it is possible to uniquely express the arrival time of a given pulse as T = m 1T + m 2 ∆T /2, where the integer m 1 counts the total number of round-trips in either loop, and the integer m 2 counts how many more round trips were made in the long compared to the short loop. As light propagates, the integer m 1 increases to count each successive round-trip, while the integer m 2 can increase or decrease depending on which loop is traversed. This motivates us to re-interpret m 1 as a continuallyincreasing discrete 'time-step' and m 2 as a discrete 'position' index ( Fig. 3(b) ). Such time-multiplexing schemes have been exploited to simulate a wide-range of phenomena in synthetic 1D lattices, including quantum random walks 57, 58, 92, 93 , the effects of PT-symmetry [94] [95] [96] and geometrical pumping 59 . Incorporating different time scales for the arrival times, the time-multiplexing approach can also be extended to more dimensions 97 , as has also recently been experimentally used to explore a two-dimensional topological quantum walk 60 .
E. Other methods
Besides the schemes discussed above, there have been other theoretical proposals for synthetic dimensions in photonics and related areas. Indeed, one of the earliest proposals outside of cold atoms was for a synthetic dimension in optomechanics, consisting of two or three lattice sites made of photon and phonon degrees of freedom 98, 99 . Another proposal is closely related to the schemes using the frequency modes of a ring resonator 54, 55 , with the angular coordinate within the ring being used as a synthetic dimension 56 . This scheme has unique features: the synthetic dimension is continuous rather than discrete, and inter-particle interactions become local even along the synthetic dimension, as we discuss below.
VI. PROSPECTS
Synthetic dimensions not only provide alternative means of realizing previously-known topological phenomena, but they can also open doors to exploring physics that is not otherwise accessible. We conclude this Perspective by highlighting some unique features of synthetic dimensions and discussing future research prospects.
A. Interparticle interactions and many-body physics
Perhaps the most important difference between real and synthetic dimensions, in the context of condensed matter physics, is the difference in inter-particle interactions. Usually in real materials, spatially-close particles interact stronger than those that are far apart, which means the inter-particle interaction has some degree of locality. Conversely, in many implementations of synthetic dimensions, particles that are far apart in the synthetic dimension interact as strongly as those that are close together. This is because particles that are far apart in synthetic space are still nearby in real space, and so can still strongly interact. It is also possible that interactions may not conserve the 'position' along the synthetic direction: collisions, for example, can change atomic states 100 . From the synthetic dimension point-of-view, these exotic inter-particle interactions may have significant effects on many-body physics.
The most studied form of inter-particle interactions along a synthetic dimension is infinite-ranged with SU(N ) symmetry, where N is the number of lattice sites along the synthetic direction. The Hamiltonian of this interaction is 13 :
where g is the interaction strength, andâ r,m is the annihilation operator of a particle at real position r and synthetic position m. Such inter-particle interactions appear in the context of ultracold atomic gases with alkalineearth atoms, where the synthetic dimension is spanned by nuclear spin states 34 . Such interactions do not distinguish different positions along the synthetic direction, making these very different from local interactions along real dimensions.
The effect of these interactions has been actively studied in the experimentally-relevant 34 ladder geometry, in which the real dimension is long and the synthetic dimension has only a few sites. For fermions, intriguing gapped states in the presence of magnetic flux with fractional filling and charge/spin order have been found 101 . Additionally, edge physics 102-104 , fractional pumping 105, 106 , Creutz-Hubbard models 107 and exotic bound states 108, 109 have also been studied. For bosons, charge density wave states, one-dimensional Haldane phases and other exotic phases have been identified 67, 68, [110] [111] [112] .
Going beyond ladder geometries to longer synthetic dimensions, a crucial open question with no consensus being reached as yet is whether this unique form of interactions can give rise to familiar two-dimensional phenomena, such as two-dimensional fractional quantum Hall phases [113] [114] [115] . However, as mentioned above, a synthetic dimension based on the angular coordinate of a photonic ring resonator has been proposed, and in this scheme, local interactions in the resonator would also lead to local interactions along the synthetic dimension 56 . This may therefore open the way to observing the more familiar many-body physics of local interactions with synthetic dimensions.
Other implementations of synthetic dimensions can also have other forms of inter-particle interactions. For a synthetic direction made of harmonic oscillator eigenstates, the inter-particle interactions decay algebraically 44 , whereas that made of frequency modes in photonics 54,55 preserves the total synthetic positions of colliding particles, that is, ∝ m1+m2=m3+m4â † m1â † m2âm3âm4 . The momentum states of ultracold gases 38 give rise to effective locally attractive interaction in momentum states, and the localization transition under such an interaction has been experimentally investigated 42, 116 .
Theoretical works have also studied the effect of dipolar interactions when the synthetic dimension is spanned by the rotational states of polar molecules, and have found phase transitions to interesting states, localized along the synthetic direction 45, 83 . However, the implications of all these different scenarios and types of interactions on many-body phases of matter in synthetic lattices have been little understood; further investigation is much awaited.
B. Applications
Besides providing a flexible platform to engineer various topological lattice models, synthetic dimensions may also offer means to realize devices which are otherwise difficult to fabricate. In photonics, for example, there has been interest in using the chiral edge states of two-dimensional quantum Hall systems to build an optical isolator: a device which transmits light only in one direction. Without synthetic dimensions, one needs a bulk two-dimensional structure to obtain these edge states, leading to a device with a large footprint, which is a disadvantage for integrated photonic circuits. However, if one dimension can be made synthetic, chiral edge modes can be exploited in more compact, spatially one-dimensional structures 54 . A schematic illustration of how the edge states in a synthetic two-dimensional lattice can be used as an optical isolator is presented in Fig. 4(a) . Other potential applications of photonic synthetic dimensions include quantum memory and optical filters 117 , as well as high-efficiency frequency conversion with photonic wavepackets propagating either along an edge in the frequency direction 55 (Fig. 4(a) ), or under periodic switching of a 'synthetic force' in the synthetic direction 118 ,
C. Topological models in higher dimensions
Whereas most studies of topological matter in synthetic dimensions have focused on two-dimensional models, this approach can also be used to access topological physics in three or more spatial dimensions. In photonics, especially, it can be challenging to fabricate photonic lattices in three dimensions. In this regard, synthetic dimensions offer a promising alternative route to explore three-dimensional topological physics, such as Weyl points 119, 120 and weak topological insulators 121 .
Synthetic dimensions also open up the study of topological phenomena in dimensions of four or higher. For example, synthetic four-dimensional lattice can be constructed using three real dimensions and one synthetic dimension ( Fig. 4(b) ). From the celebrated periodic table of topological phases for non-interacting fermions 3,122,123 , it is known that there should be a variety of topological phases above three dimensions. A first example of this is the four-dimensional quantum Hall effect [124] [125] [126] , corresponding to a generalisation of the famous two-dimensional quantum Hall effect. For the simplest case of a non-degenerate band, the four-dimensional quantum Hall band structure is topologically characterized by an integer invariant called the second Chern number, C 2 , as opposed to the (first) Chern number, C 1 , for the two-dimensional quantum Hall systems, mentioned above. The first Chern number C 1 leads to a Hall current that depends linearly on the applied electric field: j µ = (e 2 /2h)C 1 µν E ν , where µν is the two-dimensional Levi-Civita symbol, which is totally anti-symmetric with respect to its indices. On the contrary, the second Chern number C 2 leads to a nonlinear response j µ = (e 3 /2h 2 )C 2 µνρσ E ν B ρσ , where µνρσ is the four-dimensional Levi-Civita symbol.
Here, E ν = ∂ 0 A ν − ∂ ν A 0 and B ρσ = ∂ ρ A σ − ∂ σ A ρ are the four-dimensional electromagnetic fields applied to the system, with A being the four-dimensional electromagnetic gauge potential 127 . Very recently, the first signatures of this four-dimensional quantum Hall effect have been experimentally observed through a mathematical mapping to two-dimensional topological pumps in ultracold atomic gases 128 and photonics 129 . Going further, synthetic dimensions can provide means to realise a fully four-dimensional physical set-up and so to directly observe the four-dimensional quantum Hall response in both cold atoms 127, 130 and in photonics 54 . Finally, these developments have also stimulated studies of higher and more exotic topological states such as five-dimensional Weyl semimetals 131 and six-dimensional quantum Hall effects 132, 133 .
VII. CONCLUSIONS
Synthetic dimensions provide a powerful way to explore topological matter in cold atoms and photonics, opening up many interesting prospects for future research. As summarized in Table 1 , the idea of synthetic dimensions has already led to a wealth of proposals and experiments, which each have their own distinct characteristics. An important research direction to take will be to understand the advantages and limitations of each set-up, and to work on their improvement. For example, most of the known schemes have exotic inter-particle interactions and only discrete degrees of freedom along the synthetic direction, which hinders the simulation of models with local interactions or with continuous dimensions; in the future, it will be interesting to find new approaches that circumvent or exploit these features. In this Perspective we have also focused on synthetic dimensions in atomic, molecular and optical systems, but similar physics may arise in other contexts, such as, for example, in superconducting phase qudits, where the d anharmonic oscillator levels can be controllably coupled together 134 . Going forward, it will be important to develop and explore such broader connections, as the idea of topological matter in synthetic dimensions is very general and the extension of this approach to other areas of physics is much awaited.
